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Abstract

It is quite prevalent that the first digits of real world data are distributed approximately
according to a discrete logarithmic distribution proposed and studied by Benford, hence the
name Benford’s law. Given an initial distribution F' = Fj, we study a sequence of random
variables X,’s, or equivalently distributions F},’s, for which X,,;1 is distributed according
to F', right-truncated by X,. The sequence is called the chain of truncated distributions
generated by F. We show that if F' is supported on [0, k], & > 0 and uniformly distributed
on a neighborhood of 0 then the chain of truncated distributions generated by F' satisfies
Benford’s law in the limit.
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1 Introduction

The first digit of a number is the leading significant digit appearing on the left excluding 0 and
signs, e.g. the first digit of 13.467 is 1, the first digit of 0.002456 is 2. Some might expect the
probability of occurrence of first significant digits to be quite uniform. But it is not true for
many real world data and many sequences of random variables modeling processes in nature.

In 1930s [1], F. Benford studied the first digit of many data in the world, e.g. river areas
and population, and discovered that, in most data, the frequency of the first digit being 1 is
much higher than those of 2, 3,...,8 and 9. In fact, he claimed that the probability that the first
digit is d equals log; (%d), ford=1,2,3,...,9.

In 2006 [3], A.E. Kossovsky considered a chain of distributions, which is a sequence of
random variables X;,i € I, all of whose distributions are members of a parametric family of
distributions, such that X; is the parameter of the distribution of X; ;. He conjectured that the
distributions of the leading digits of a chain of probability distributions converge to Benford’s
law. In 2008 [2], D. Jang et al. obtained a set of sufficient conditions for chains of distributions
to satisfy Benford’s law in the limit.

Here, we consider chains of truncated distributions, defined as chains of distributions whose
parameters are the right end points of the supports. More precisely, we will find a class of
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distributions whose chains of truncated distributions satisfy Benford’s law in the limit. Section
2 contains necessary mathematical backgrounds for the manuscript. In section 3, we state and
prove some results leading to our main result saying that chains of truncated distributions
generated by a continuous distribution on [0,%], k& > 0 which is uniformly distributed on a
neighborhood of 0 satisfy Benford’s law in the limit.

2 Preliminaries

For a real number x, we may write = M x 10¥, where k € N and 1 < M < 10 is the mantissa
of . Let D be a distribution supported on [0, k] for £ > 0. A random variable X ~ D is said
to satisfy Benford’s law if the probability of its mantissa lying between 1 and s is log, s, for
s =2,3,4,...,10. A sequence of random variables X, is said to satisfy Benford’s law in the
limit if the probability of mantissa of X,, lying between 1 and s converges to log;g s, i.e.,

e}

. -1 -1\ _
lim Y P (10 < X, < 510 ) = logyy 5,

l=—00

where P is the probability function.

Let f be a function on R. We say that f tends to 0 rapidly at infinity if for each positive
integer m the function = — |z|™ f(z), for € R, is bounded for |z| sufficiently large. Define
the Schwartz class to be the set of functions on R whose derivatives of all orders are infinitely
differentiable and which tend to 0 rapidly at infinity.

Let f € L'(R). Define the Fourier transform f(t) = [ f(x)e ?™ dx for t € R. The Poisson

Summation Formula states that if f is in Schwartz class, then Yuer f) =2 en f(t), where f
is the Fourier transform of f. See [4].

3 Chains of Truncated Distributions

Definition 3.1. Let D0, k| be a distribution supported on [0,%], & > 0, with cumulative
distribution function F' such that F(0) = 0 and F(z) > 0 for all x > 0. For a € (0,k], the
distribution D0, a] is supported on [0,a] with cumulative distribution function F, defined by
F.(x) = % for x € [0,a] and F,(z) =1 for z > a. Define X; ~ D|0, k] and X,, ~ DI[0, X,,_1]
for n > 2. The chain of distributions of X, is called a chain of truncated distributions generated
by DI0, k.

Lemma 3.2. Let D0, k] be a distribution on [0, k] with the probability density function f and
the cumulative distribution function F'. If X, is a chain of truncated distributions generated by
DI0, k], then for each n > 2,

Ixn (@) = (i(f")) ( ( (in)>>n_l 0 <z, <k, (3.1)

and Fx, (z,) = Fx, ,(xn) + (( ))( ( (1n))>n_170<xn<k:, (3.2)

!

where fx, denotes the probability density function of X, and Fx, denotes the distribution
function of X,,.

Proof. We will prove the above equations by induction. Firstly, fx, () = f(x), Fx,(xz) = F(x).
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Then

k
FX2(.%'2) = / P(X2 S .’L'Q‘Xl = t) dFX1 (t)
0

T2 k
:/ P(X2§$2|X1:t)dFX1(t)+/ P(X2§$2|X1:t)dFX1(t)
0 T

2
= [ 1dF
/0 w0+ [, T

P+ Pl (M)) |

Then fx,(x2) = digFXQ(xg) = fx,(x2) — f(z2) + f(x2)In (F(;2)> = f(xz2)In <F(1$2)> .
Let n € N be such that (3.1) and (3.2) holds. Then

k
Fx, . (pg1) = / P(Xnt1 < zpq1]| Xy =t) dFx, (1)
0

Tn+1 k
= / P(Xn-i-l < xn+1|Xn = t) dFXn —l—/ P Xn+1 < xn+1|Xn = t) dFXn( )
0 T

n+1

Tn+1 k F t —1
N / 1dFx, (t) + (xntﬂ l (m ( )) «
0 Tp41 )

(t)
-1
= Fx, (n41) + F(JZ;H) < < F(2p41) >>n

And hence

d
an+1 (wn-i-l) = mFXn-‘—l ($n+1)

et ) () 0 k)

5 (e ()

By induction, the proof is complete. ]

Theorem 3.3. Let a and k be positive numbers not necessarily equal. Let D[0, a] be a distribu-
tion supported on [0, a] with the probability density f and whose chain of truncated distributions
satisfies Benford’s law in the limit. Given a distribution D[0, k] with the probability density h
defined by

h() = {f<x>, iz €[0,2)
9(@), ifw€leH],

for some integrable function g and € € (0, k], the chain of truncated distributions generated by
D satisfies Benford’s law in the limit.

Proof. Let X, be a chain of truncated distribution with X; having a density A and s an integer
h 1 n—1

in [2,10]. Then, by Lemma 3.2, the density of X, is hn(x,) = (n(i;nl))' <1n <H(xn))> for

all n > 2. Let m € Z be such that 107! < ¢, § the minimum of {x € Z: 107® < k} and v the

minimum of {z € Z : 107 < a}. Let Y, be a chain of truncated distribution with Y3 ~ D[0, a.

o
Then li_)m P <1O_Z <Y, < slo_l) = logygs. Then for each n the probability of the first
n—oo
=—00
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digits of X, being in {1,2,3,...,s — 1} is

i P(107! < X,, < s107) i /Sm UG 1))|

l=—00

We have, by a change of variable,

o0

o] In (71 ) —1_—u
—1 —1 o H(10—t) u €
E P(107' < X,, <s107") = E /1n< o1 du.

l=—00 l=—00 H(s 10 l))

Then, as f (z) = h (x) for all x < 107™F we have

00 s10~! n—1 —1_—u
—l < .l” ) 1 / H(lO l) u" e
E P10 < X,, < 5107 E /1 I <ln <F(:rn)>> dz, + E 7(71 T du

l=—o00 l=—o00 l=—00

_ mz_:l <F“° ) wle L

l=—o00 (F( 10— l))

Then,
oo o 510! n—1
1
P10~ < X,, < s107)) — / fan) () dz,,
lz_:oo (107" < < s107) lz_:oo e =1 n Flan) x
m—1 In % n—1_—u m—1 In 171 n—1_—u
< Z / (H<10 >) ?n _61)' dul + / <F(10 )) un _61)' du
I=— o0 ln(iH(sm*l)) . I—— oo ln(iF( 104)) !
m—1 ln<7l ) n— m—1 ——T ) ut—le—u
< Z / H(10-1) du n / F(10 Joute
< — — 1) '
=5 In (H( 10— l)) (n 1 l=v (F( 10— l)) (n 1)
where the last inequality follow by H(z) = 1 for all z > 107+ and F(z) = 1 for all z > 107+
m—1.n % n—1_,—u n—1_—u
We will show that Z (Fm >) Y € gu—0asn — oo Notethat lim — S =0
(ot} (1T w5 (= 1!
l=v A F(s 10 15}
for all u € [0,00) and e < 1. Since for each [,
(n—1)!

In( —— —1 —I+1
() N <F(s1o )) i (F(lO )> e

1H<F(51104)) F(1071) F(1071)
by Dominated Convergence Theorem,

lim /hl(F(lél)) Lﬁleﬂt du = /hl(F(lél)) lim Lnileiu du = 0.
1 ln(

—1)! —1)!
"% Sy ) (= ! Faon) T (1= D!

Then
1
F(IO l) (F(IO l)) n—le—u .
J;H;OZ/ o ZJE&/< ) e
F‘( 10 l) F(s 10 F(s10— 1)
m—1
i n—1_—u
Similarly, we have Z / <H(10 >> 76' du — 0 as n — oo. Since the chain of truncated
1=6 n(H(sllo_l)) (n— 1!
distributions of f satisfies Benford’s law in the limit, so
> 5107t f(a: ) 1 n—1 [e'¢)
n_ (1 dz, = IP’(lO_l<Y 10—1):1 .
l_zoo /101 (n—1) <n <F(a;n)>) o l_zoo s oe10°
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We have lim > P07 < X, < 5107") =logyg s for s € [2,10]. O
l=—00

The following theorem and its proof are essentially the same as that in [2]. It is included
here for completeness.

Theorem 3.4. Let a be a positive constant. Let U[0, a] be a distribution supported on [0, a] with
the probability density f defined by

flz) = %, for x € [0,al.

Then the chain of truncated distributions generated by U[0, a] satisfies Benford’s law in the limit.

Proof. Note that we mimic proof of [2]. Let X, be a chain of truncated distribution with X

1 n—1

having density f and s an integer in [2,10]. We have fx, (z,) = m <ln <a>) ,
a(n —1)!

T,
0 < xp < a. Let m € N be the minimum of {a: €Z:107 < a}. Then for each n, since a
and s10~™*! lie in (1071 107™%2], the probability of the first digits lying between 1 and s
of X,, is

e} slo—l n-l
1 a
P, _ 107! < X, 1074 = aln — 1) ! T e
(3) E P’( 0 < s10 ) 2/10—1 a(n 1)! < <93n>>

[=—0 l=m

N /min{sl(]_m""l,a} 1 | . n—1 p
10-m-+1 a(n —1)! " Tn n
We have, by a change of variable,

> ln(loa*l> utlemu ln(m_%) ut—le—u
R S | e
I=m hl(slg—l) (n=1) ln(m) (n—1)!

0 Ina+l1n10 ule—u Ina—(m—1)1n10 ule—u
3 W, v
Ina+lIn10—Ins (n - 1) Ina—Inmin{s10-m+1 q} (n - 1)

I=m
"lem Ina+(m—1)In10-1
if u > 0; na+(m—1)In10—Ins n—1,—u
Define g, (u) = ¢ (n—1)! =T and Mh(s) = / uie, du. Then,
0 ifu<0 Ina—Inmin{s10~™+1 a} (n - 1)
o Ina+l1n10 Ina+(m—1)1In10
Pas) =Y | () du+ | (1) du + My (5)
|—m /Ina+lIin10—Ins Ina+(m—1)In10—Ins

0 Ina+11In10
= / gn(u) du + My, (s) (because 107" >aforall<m— 1)
Ina+iIn10—-Ins

l=—00
o Ina
= Z / gn(u+ 110 10) du + M, (s)
I=—— o0 Ina—Ins

o0

logiga
= Z / (In10) gn(wIn10 + [ 1n10) du + M, (s)
1

l=—o00 Y 19810 a—logyg s

[e.e]

logga
= (11110)/ > gn(uln10+11n10) | du+ My(s).
!

ogipa—logips \j—_

By the Poisson Summation Formula, we have

[e.9] [e.9]

1 Tilu o~ !
> ga(uln10+1In10) = <h11()> e?milu g (mo)

l=—o00 l=—00
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Note that the Fourier transform of the Gamma density function g,, with the parameters n and 1
is gn(t) = p(—2mit) = (142mit)~", where ¢ is the characteristic function of Gamma distribution
with the parameters n and 1. See [5]. Then,

P logypa > 2milu -~ ! d M
W= [ S 9<mm) u+ Ma(s)

ogipa—logygs l=—00

logyo @ e ) 2mil\ "
_ / 3o it <1+ i > du + My(s)
logyga—logigs \j—_ In10

logig @ A omil \ "
=log;ys + / E e?mitu (1 + I 10) du + My(s).
log,g a—logq s 1£0 n

Hence,

logyg @ 4 2l \ "
1P (s) — logyo 8| = / 3 il <1 + 20 > du + M, (s)
logg a—logg s 140 In 10

logyga , 2mil \ "
/ > e <1+ “) du| + | M (5)
logga—logq s 1£0 In10

2mil \ "
< loglosz (1 + n 10>
1#0

IN

+ | My (s)|

> ol \ 2 -
=2log;ps Y H(mo) + | My, (s)] .
=1
n—1,—u

We will show that |M,,(s)| — 0 as n — oco. Note that lim Y

o W =0 fOI' all u c [O, OO) and

n—le—u

m S 1. Since

Ina+(m—1)In10—Ins
/ ldu=(m—1)In10 — Ins + Inmin {5107 a} < oo,
1

na—Ilnmin{s10-™+! a}

by DCT, we have

Ina+(m—1)In10—-Ins |, n—1_—u Ina+(m—1)In10—Ins n—1_—u

. u (& . u e

lim / Y :/ lim Y% qu=o.
1 L

n—00 na—Ilnmin{s10-™m+! q} (TL - 1)' na—Inmin{s10-m+1 g} *7® (TL - 1)'

-n
fe'e) 2
/ 27l
We will show that g 1+ <17;0> — 0 as n — oo. Since
n
=1

[ere] 2 [ele} —-n n oo
In10 In10 27 — n

=1 In10\"
and Z n converges for all n > 1 and Er — 0 asn — 0.
=1

n —-n
o) 2 o]
) 2ml . -l -l
So nh_)r{)lo lg 1 \/1+ <ln 10) 0. Thus, nh_>n£>10l E P(107" < X,, < s107") = log;g s. Then
= ——00

the chain of truncated distributions generated by U[0, a] satisfies Benford’s law in the limit. [
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Combining Theorems 3.3 and 3.4, we have:

Corollary 3.5. Let a be a positive constant. Let D[0,k], k > 0 be a distribution with the
probability density f defined by

a, if x €10,¢),
fla) = Soc 09
h(z), ifx € [e, k]
for some integrable function h and e € (0, k]. Then the chain of truncated distributions generated

by D satisfies Benford’s law in the limit.
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